The spin Hall effect is a phenomenon that an electric field induces a spin Hall current. In this Letter, we examine the inverse effect that, in a ferromagnetic conductor, a charge Hall current is induced by a spin motive force, or a spin-dependent effective 'electric' field E s , arising from the time variation of magnetization texture. By considering skew-scattering and side-jump processes due to spin-orbit interaction at impurities, we obtain the Hall current density as σ SH n × E s , where n is the local spin direction and σ SH is the spin Hall conductivity. The Hall angle due to the spin motive force is enhanced by a factor of P −2 compared to the conventional anomalous Hall effect due to the ordinary electric field, where P is the spin polarization of the current. The Hall voltage is estimated for a field-driven domain wall oscillation in a ferromagnetic nanowire.
Introduction: Magnetization dynamics induced by an electric current flowing in a nanostructured ferromagnet has been studied intensively for a decade because of the enormous application potentialities called spintronics. It has been well recognized that such phenomena are due to spin torques [1, 2] that localized spins of d-electrons in a ferromagnet are exerted by conducting s-electrons through the s-d exchange coupling.
It was proposed that as a reaction to spin torques there arises a spin-dependent motive force (spin motive force) from magnetization dynamics [3, 4, 5, 6, 7, 8, 9, 10] . For a slowly-varying spin texture n (and in the absence of spin relaxation), it is expressed by the spin-dependent effective 'electric' field as [7, 8] E s,i =h 2e n · (∂ i n ×ṅ).
The field E s , or the force F s = −eE s , acts on the electrons in a spin-dependent way, namely, it drives majority-spin and minority-spin electrons in mutually opposite directions [11] and produces a (diagonal) spin current in the direction of E s . In the presence of spin-orbit interaction (SOI), the orbits of opposite-spin electrons will be curved in opposite directions, and a net Hall current is expected in a direction perpendicular to E s .
Similar phenomenon was proposed as the inverse spin Hall effect (ISHE) where a spin current is converted to a charge current via SOI, and observed experimentally [12, 13, 14, 15, 16] . Theoretical studies were given for nonmagnetic metals with a spin current injected from the attached ferromagnet by the spin-pumping effect due to spin dynamics [17, 18, 19, 20] .
In this Letter, we study the ISHE induced by spin motive force, or E s , due to the dynamics of spin texture in ferromagnetic metals, including SOI from impurities. We will show that the total current is given by
where σ s = σ ↑ − σ ↓ is the "spin conductivity" and σ SH = σ H↑ + σ H↓ is the spin Hall conductivity, with σ ↑ and σ H↑ (σ ↓ and σ H↓ ) being diagonal and Hall conductivities for majority-spin (minority-spin) electrons.
Equation (2) may be contrasted with two related phenomenon in ferromagnets. One is the spin Hall effect [21] , given by the second term of the relation
which shows that a spin current J S = J ↑ − J ↓ is induced by an ordinary electric field, E.
The other is the anomalous Hall effect [22] ,
where σ c = σ ↑ + σ ↓ is the electrical ("charge") conductivity and σ H = σ H↑ − σ H↓ is the anomalous Hall conductivity.
The Hall resistivity, ρ SH = σ SH /σ 2 s , in the present case Eq. (2) is larger by a factor of ∼ P −3 compared to that of the conventional AHE, ρ H = σ H /σ 
where
) is the electron creation operator at x = (r, t), ε F is the Fermi energy, 2M is the s-d exchange splitting, and σ is a vector of Pauli spin matrices. The impurity potential is modeled as the short-ranged one, V imp (r) = u i δ(r − R i ), where u denotes the strength of the impurity potential and R i represents the randomly distributed impurity positions. The H so describes SOI at impurities, where j
is the spin-current density, λ so is the strength of SOI, and ε ijα is the complete anti-symmetric tensor with ε xyz = 1. Repeated index implies summation over i, j, α = x, y, z.
In ferromagnetic metals, the exchange coupling energy M is strong, and it is useful to perform a local transformation so that the spin quantization axis of s-electrons is taken to be the local d-spin direction n at each point of space and time [23, 24, 25] ;
, where U is a 2 × 2 unitary matrix given by U = m · σ with m = (sin(θ/2) cos φ, sin(θ/2) sin φ, cos(θ/2)). The spin density c † σ α c is transformed into
, where 0 indicates the time component. In the rotated frame, the Lagrangian L is given by L = L el − H e−A −H so up to the first order in A α µ [26, 27] , where
are spin density and spin-current density, respectively, in the rotated frame, andJ
being an additional spin-current density due to SOI.
Hall conductivity: It is known that dynamics of inhomogeneous magnetization produces a spin motive force, and induces a diagonal electric current, as given by the first term of 
in precisely the same way as the ordinary electric field is given in terms of the electromagnetic vector potential. One can show that this expression (12) 
, the last two coming from the local transformation and SOI, respectively. Using Kubo formula, the Fourier components of the Hall current density are given by
where χ ij (i = j) is the correlation function between the current and spin-current densities.
In the Matsubara frequency representation, they are given by
Here β is the inverse temperature, ω λ = 2πλ/β (with λ being integer) is the Bosonic Matsubara frequency, and j i (q), j related to the electrons. After some calculations, we obtain
where n α q is the Fourier component of the unit vector n α (r). The impurity-averaged Green's functions are given by G kσ (z) = (z − ξ kσ + iγ σ sgn(Imz)) −1 , where
and γ σ =h 2τ σ , and we put G + kσ = G kσ (iε n + iω λ ) and G kσ = G kσ (iε n ). After the analytic continuation, iω λ → ω + i0, we obtain
up to O(ω). Here we have put σ
which explicitly depends on the impurity potential u and the relaxation time τ σ .
Side-jump process: In the lowest order in λ so , the first contribution to χ side ij comes from the second order impurity scattering (shown in Fig. 2) , and is given by
After the analytic continuation, iω λ → ω + i0, we obtain
up to O(ω). Here σ
being independent of the relaxation time.
Combining Eqs. (18) and (21), we obtain the Hall current as where σ SH = σ skew SH + σ side SH is the total spin Hall conductivity, and E s is given by (12). The Hall current J H flows in the direction perpendicular to both n and E s . This expression is our main result. The total current is given by the sum of the diagonal current and the Hall current as Eq. (2). Equations (3) and (4) can be obtained in a similar manner.
The spin-transfer torque that the s-electrons exert on the localized d-spins is represented by ∼ j S · ∇n [31] , with j S = σ s E being the diagonal spin-current density, the first term in Eq.(3). The existence of the second term of Eq. (3) suggests the existence of a spin-transfer torque due to the spin Hall current, and our result (24) of the spin Hall motive force should be the reaction to this torque. Such a study will be reported elsewhere.
The (spin) Hall resistivity is given by
, where
, is known as the extrinsic anomalous Hall conductivity [22] . For a typical value of P ∼ 0.5, ρ SH in the present case is one order of magnitudes larger than that of the conventional AHE.
DW oscillation: Let us apply the result (24) to a magnetic field driven domain wall (DW) oscillation in a ferromagnetic nanowire. We consider a Hall device, as shown in Fig. 3 , where the cross section of the wire forms a square, which allows us to neglect hard axis anisotropy energy, and the one-dimensional tail-to-tail DW is positioned at z = 0. When an ac magnetic field is applied along the wire (//ẑ), spins in the wall oscillate around the z axis. Taking the ac field as H ac (t) = H cos Ωt, where H is the amplitude and Ω is the frequency, and solving the Landau-Lifshitz-Gilbert equation for n analytically, we obtain a DW solution
, where φ = 1 1+α 2 (γH/Ω) sin Ωt and X = αλφ. Here γ is the gyromagnetic constant, λ is the width of the DW, and α is the Gilbert damping constant. Substituting this solution into Eq. (12), we obtain the spin motive force as
which oscillates in time. For an open circuit condition in the lateral face of the wire, J x = J y = 0, the Hall voltage at the DW center is obtained as
where w is the width of the wire. If we choose w ≃ λ, α = 0.01, γH = Ω = 100 MHz, and σ SH /σ s ≃ P −2 σ AH /σ c ∼ 1, the amplitude of V H is estimated as |V H | ∼ 31 nV, which might be detectable experimentally. For a head-to-head DW, the phase of V s and V H changes by π relative to H ac (t), and this fact may be used to discriminate the true signal.
A dc magnetic field applied in the same (easy-axis) direction can also lead to an oscillatory dynamics by the Walker's breakdown [32] , and this will produce ac signals V s and V H similar to the ones obtained above.
In conclusion, we have presented a microscopic theory of the AHE driven by the spin motive force due to inhomogeneous spin dynamics. It is shown that a Hall current is induced by the spin motive force in the presence of (extrinsic) spin-orbit interaction, and the corresponding Hall resistance is enhanced compared with the conventional AHE. Applying the result to the field driven domain-wall oscillation, we have shown that a Hall voltage is generated in the lateral face of the wire.
